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Role of Initial Data in Higher Dimensional
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We study the gravitational collapse in (n+2)-D quasi-spherical Szekeres space-time (which possess
no killing vectors) with dust as the matter distribution. Instead of choosing the radial coordinate ‘r’
as the initial value for the scale factor R, we consider a power function of r as the initial scale for the
radius R. We examine the influence of initial data on the formation of singularity in gravitational
collapse.
PACS numbers: 0420D, 0420J, 0470B
Over the last two decades gravitational collapse in spherical space-time (TBL model) has
been studied extensively with dust as the matter content [1-10]. A general conclusion from
these studies is that a central curvature singularity may be naked but its local or global
visibility depends on the choice of initial data. If the regular initial density profile falls
off rapidly having a maximum value at the centre then it is not possible to have naked
singularity above five dimensional space-time [8-10].
Also from the recent past, attention has been given to study non-spherical collapse
[11-20]. Most of these studies deal collapse numerically [12-15] with a few analytical
works [16] (for quasi-spherical gravitational collapse, see ref. [17-20]). These are mainly
concerned with special shape of the gravitating body. The present work examines the
role of initial data in the formation of gravitational collapse in (n+2)-D Szekeres space-time.
The metric ansatz for (n+ 2)D Szekeres space-time is [21, 22]
ds2 = dt2 − e2αdr2 − e2β
n∑
i=1
dx2i (1)
where α and β are functions of all the (n+ 2) space-time co-ordinates. But if we assume
that β′ 6= 0 then for inhomogeneous dust model the solution is [22]
eβ = R(t, r) eν(r,x1,...,xn) (2)
eα =
R′ +R ν′√
1 + f(r)
(3)
e−ν = A(r)
n∑
i=1
x2i +
n∑
i=1
Bi(r)xi + C(r) (4)
R˙2 = f(r) +
F (r)
Rn−1
(5)
ρ(t, r, x1, ..., xn) =
n
2
F ′ + (n+ 1)Fν′
Rn(R′ +Rν′)
(6)
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2n∑
i=1
B2i − 4AC = −1 (7)
where A(r), Bi(r) and C(r) are arbitrary functions of r satisfying (7) and also in the
expression (5), f(r) and F (r) are arbitrary functions of r alone.
A shell focusing singularity on a shell of dust occurs when it collapses at or starts ex-
panding from the centre of matter distribution. We shall consider only the central shell
focusing singularity (i.e., R = 0 or β = −∞) for marginally bound case only (i.e., f(r) = 0).
Suppose t = ti be the initial hypersurface from which the collapse develops. For initial
data we assume that R(ti, r) is a monotone increasing function of r. So without any loss of
generality, it is possible to make an arbitrary relabeling of the dust shells by r → g(r) such
that we can choose
R(ti, r) = R0r
k, (R0 > 0, k are constants) (8)
Hence solving equation (5) using the initial condition (8) we get
R =
[
R
n+1
2
0 r
(n+1)k
2 − n+ 1
2
√
F (r) (t− ti)
] 2
n+1
(9)
The regularity of the metric co-efficients on the initial hypersurface restricts k ≥ 1. Further
for the regularity of the initial density profile
ρi(r, x1, ..., xn) = ρ(ti, r, x1, ..., xn) =
n
2
F ′ + (n+ 1)Fν′
Rn+10 r
(n+1)k−1(k + rν′)
(10)
we can write the following series expansion for ρi(r), F (r) and ν
′(r) near r = 0 as [22]
ρi(r) =
∞∑
j=0
ρj r
j , (11)
F (r) =
∞∑
j=0
Fj r
(n+1)k+j (12)
and
ν′(r) =
∞∑
j=−1
νj r
j , (ν
−1
+ k ≥ 0) (13)
Also using equations (11)-(13) in (10) we have the following relations among the different
co-efficients
ρ0 =
n(n+ 1)
2
F0R
−(n+1)
0 , ρ1 =
n
2
(
n+ 1 +
1
k + ν
−1
)
F1R
−(n+1)
0 ,
ρ2 =
n
2
[(
n+ 1 +
2
k + ν
−1
)
F2 − F1ν0
(k + ν
−1
)2
]
R
−(n+1)
0 ,
ρ3 =
n
2
[(
n+ 1 +
3
k + ν
−1
)
F3 − 2F2ν0
(k + ν
−1
)2
− (k + ν−1)ν1 − ν
2
0
(k + ν
−1
)3
F1
]
R
−(n+1)
0 , (14)
... ... ... ... ... ... ... ...,
3OR
ρ0 =
n
2
[
F1
ν0
+ (n+ 1)F0
]
R
−(n+1)
0 , ρ1 =
n
2
[
2F2
ν0
+
{
(n+ 1)− ν1
ν20
}
F1
]
R
−(n+1)
0 ,
ρ2 =
n
2
[
3F3
ν0
+
{
(n+ 1)− 2ν1
ν20
}
F2 +
(
ν21
ν30
− ν2
ν20
)
F1
]
R
−(n+1)
0 ,
ρ3 =
n
2
[
4F4
ν0
+
{
(n+ 1)− 3ν1
ν20
}
F3 + 2
(
ν21
ν30
− ν2
ν20
)
F2 +
(
2ν1ν2
ν30
− ν3
ν20
− ν
3
1
ν40
)
F1
]
R
−(n+1)
0 ,
(15)
... ... ... ... ... ... ... ...,
according as ν
−1
> −k or ν
−1
= −k.
The singularity curve t = ts(r) for the shell focusing singularity is characterized by
R(ts(r), r) = 0 (16)
So the time for central shell focusing singularity is given by
t0 = ts(0) = ti +
2R
n+1
2
0
(n+ 1)
√
F0
(17)
Further, if tah(r) is the instant for the formation of apparent horizon then we have
Rn−1(tah(r), r) = F (r) (18)
which gives
tah(r) − t0 = − R
n+1
2
0
(n+ 1)F
3/2
0
[
F1 r +
(
F2 − 3F
2
1
4F0
)
r2 + ......
]
− 2
n+ 1
F
1
n−1
0
[
r
(n+1)k
n−1 +
1
n− 1
F1
F0
r
(n+1)k
n−1 +1 + ......
]
(19)
The above expression shows the time difference between the formation of trapped surface
at a distance r and the time of singularity formation at r = 0 (central singularity). Hence
the necessary condition that an observer at a distance r will observe the central singularity
(at least locally) is tah(r) > t0 (for details see Ref. [6−9, 24]).
From physical consideration it is reasonable to assume that the initial density ρi(r) is
maximum at the centre r = 0. This implies that the first non-vanishing term after ρ0 in the
series expansion (see eq. (11)) for ρi(r) should be negative. Further, one may assume that
ρ′i(r) should vanish at r = 0 but is negative in the neighbouring region or more generally, it
may be assumed that ρ′i(r) = ρ
′′
i (r) = ... = ρ
s−1
i (r) = 0 and ρ
s
i (r) < 0 (s ≥ 2). Now using
the relations (14) or (15) among the co-efficients we have
4I. when ν
−1
> −k:
Here ρ1 < 0 implies F1 < 0. Also in general, ρ1 = ρ2 = ... = ρs−1 = 0 and ρs < 0 implies
F1 = F2 = ... = Fs−1 = 0 and Fs < 0 with s ≥ 2.
II. when ν
−1
= −k:
Here ρ1 < 0 does not imply F1 < 0. Also more generally, ρ1 = ρ2 = ... = ρs−1 = 0 and
ρs < 0 may have one possible solution as F1 = F2 = ... = Fs = 0 and Fs+1 < 0 with s ≥ 2.
In particular, if we assume the initial density to have a maximum value at r = 0 and
falls off rapidly near r = 0 then we have ρ1 = 0, ρ2 < 0 near r = 0. Then in case I, we have
F1 = 0, F2 < 0 while in case II, we may take F1 = F2 = 0, F3 < 0 near r = 0.
Therefore in the present problem we have the following possibilities for naked singularity:
(a) If F1 < 0 then naked singularity may appear in any dimension (≥ 4) for ν
−1
≥ −k
and k ≥ 1.
(b) In general if we choose F1 = 0, F2 = 0, ..., Fi−1 = 0 and Fi < 0 (i ≥ 2) then for
formation of naked singularity, ‘n’ is restricted by the inequality
2 ≤ n ≤
[
i+ k
i− k
]
(20)
with max(1, i3 ) ≤ k < i, ν−1 ≥ −k, k ≥ 1.
Here [x] stands for the greatest integer in x. From the inequality (20) we note that if
‘k’ is very close to ‘i’ (but less than i ) then ‘n’ can take larger values than 2 i.e., naked
singularity may appear in much larger dimension compare to the usual four dimension. The
following table shows some possible values of n for different values of i and k (with k < i)
from the inequality (20).
TABLE: Some possible values of n for different values of i and k.
i→ 2 3 4 5
k ↓
3
2 n = 2, 3, 4, 5, 6, 7 n = 2, 3 n = 2 −
21
11 2 ≤ n ≤ 41 n = 2, 3, 4 n = 2 −
35
12 − 2 ≤ n ≤ 71 n = 2, 3, 4, 5, 6 n = 2, 3
For ν
−1
> −k we have from equation (14) F1 = 0, F2 < 0 and hence for naked singularity
2 ≤ n ≤
[
2 + k
2− k
]
with 1 ≤ k < 2, while for ν
−1
= −k we choose F1 = 0, F2 = 0, F3 < 0 and so n will be
restricted by the inequality
52 ≤ n ≤
[
3 + k
3− k
]
with 1 ≤ k < 3.
We note that for k = 1 the possible values of n are 2 and 3 for ν
−1
> −1 and n = 2 for
ν
−1
= −1 i.e., naked singularity is possible only for four and five dimensions which we have
shown in earlier works (see ref. [8-10, 20]).
Now we shall examine the nature of singularity by studying the outgoing radial null
geodesic (ORNG) originated from the central shell focusing singularity. Let us start with
the assumption that it is possible to have one or more such geodesics and we choose the
form of ORNG in power series as [23, 24]
t = t0 + ar
ξ, (21)
upto leading order near r = 0 in t-r plane with a > 0, ξ > 0 as constants. Using equation
(16) and (17) the singularity curve can be written as (near r = 0)
ts(r) = t0 − FmR
n+1
2
0
(n+ 1)F
3/2
0
rm (22)
where m ≥ 1 is an integer and Fm is the first non-vanishing term beyond F0. As for naked
singularity we have t < ts(r) so comparing (22) with (21) for ORNG the restrictions on the
two parameters ξ and a as
ξ ≥ m and a < − FmR
n+1
2
0
(n+ 1)F
3/2
0
(23)
Moreover, from the metric (1) we can write for ORNG
dt
dr
= R′ +R ν′ (24)
We shall now examine the feasibility of the null geodesic starting from the singularity
with the above restrictions for the following two cases namely, ξ > m and ξ = m.
When ξ > m then near r = 0 the solution for R in (9) (choosing ti = 0) simplifies to
R = R0
(
− Fm
2F0
) 2
n+1
r
2m
n+1+k (25)
Now combining (21) and (25) in equation (24) we get (upto leading order in r)
a ξ rξ−1 = R0
(
ν
−1 + k +
2m
n+ 1
)(
− Fm
2F0
) 2
n+1
r
2m
n+1+k−1 (26)
which implies
ξ = k +
2m
n+ 1
and a =
(ν
−1 + ξ)R0
ξ
(
− Fm
2F0
)2/(n+1)
(27)
6Now if k < m then n and k are bounded by the same inequalities as in (20) (with i = m)
for the formation of naked singularity while for k ≥ m, there will be no upper bound of n.
Furthermore, we note that from equation (27), ξ > 0 and a > 0 as ν
−1
≥ −k. Thus we
have the same conclusion as before (in case (b)) and it is possible to have consistent ORNG
originated from the singularity.
On the other hand for ξ = m, we have from equation (24) using the solutions for R and
ν as before, it is possible to have naked singularity if
n =
m+ k
m− k , max(1,
m
3
) ≤ k < m (28)
and
a = − 1
m
(
−n+ 1
2
√
F0 a− Fm
2F0
R
n+1
2
0
) 1−n
1+n
[
(ν
−1
+m)
Fm
2F0
R
n+1
2
0 +
1
2
(n+ 1)(ν
−1
+ k)
√
F0 a
]
(29)
Now we shall examine whether the restriction (23) for ‘a’ is consistent with the expression
‘a’ in equation (29). In fact equation (29) takes the form
2
2
n+1 bm = − [−(n+ 1)b− ζ] 1−n1+n [(ν
−1
+m)ζ + (n+ 1)(ν
−1
+ k)b
]
(30)
with the transformation
a = bF
1
n−1
0 , Fm =
ζF
m
2 +1
0
R
n+1
2
0
. (31)
Since equation (30) is a real valued equation of b, so we must have
(n+ 1)b+ ζ < 0 ,
which using (31) gives us the restriction on a in equation (23). Hence the geodesic (21) will
have consistent solution for ‘a’ and ‘ξ’. So the above conclusion regarding the formation of
naked singularity is justified. Further, introducing the variable ‘φ’ by the relation
φ = −(n+ 1)b− ζ (32)
we have seen from equation (30)
4kn+1φn−1(ζ + φ)n+1 = [2kζ − (n− 1)(ν
−1 + k)φ]
n+1 (33)
with the restriction 0 < φ < −ζ and ‘a’ will satisfy the inequality in equation (23).
Further we observe that for k ≥ m, n can not have any positive integral solution and
hence naked singularity is not possible. Also this case (i.e., ξ = m) has no analogue with
our previous result by comparing tah(r) with t0. Lastly for any fixed m, k can only take
those values within the limits in equation (28) which makes n, a positive integer(≥ 2). It is
to be noted that if we consider next order term in the geodesic eq. (21) then it is possible
to have a family of ORNG originated from the central singularity (see Ref. [24]).
Thus the formation of naked singularity strongly depends on the nature of the initial
density and also on the choice of the parameter k involved in the initial choice of the scale
factor R. Therefore we conclude that formation of naked singularity strongly depends on
the choice of initial data for the physical parameters as well as for geometric quantity. For
7future work, it will be interesting to study the dominance of initial data for physical pa-
rameters over that for geometric quantities and vice versa for formation of naked singularity.
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